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Recently, a relativistic chiral nucleon-nucleon interaction is formulated up to leading order which
provides a good description of the phase shifts of J ≤ 1 partial waves [1]. Nevertheless, a separable
regulator function that is not manifestily covariant was used in solving the relativistic scattering
equation. In the present work, we first propose a covariant and separable form factor to regularize
the kernel potential and then apply it to study the simplest but most challenging 1S0 channel which
features several low-energy scales. In addition to being self-consistent, we show that the resulting
relativistic potential can describe quite well the unique features of the 1S0 channel at leading order,
in particular the pole position of the virtual bound state and the zero amplitude at the scattering
momentum ∼ 340 MeV, indicating that the relativistic formulation might be more natural from the
point of view of effective field theories.
PACS numbers: 13.75.Cs,21.30.-x
I. INTRODCUTION
Chiral nuclear forces have been studied extensively [2–5] since Weinberg extended chiral perturbation theory
(ChPT) [6], an effective field theory (EFT) of low-energy QCD, to describe nucleon-nucleon (NN) scattering in
the 1990s [7, 8]. Using the Weinberg power counting, two famous chiral forces were constructed up to next-to-next-to-
next-to-leading order a decade ago [9, 10], which have been applied in the ab-initio descriptions of nuclear structure
and reactions (see e.g. Refs. [11–23]). Recently, Bochum-Ju¨lich and Indaho groups have constructed chiral forces at
the fifth order and shown that the resulting description of NN phase shifts and scattering data [24–27] is comparable
to the high precision phenomenological nuclear potentials (such as Reid93 [28], Argonne V18 [29], and CD-Bonn [30])
with a χ2/datum ∼ 1.
On the other hand, with the developments of covariant density functional theories and covariant chiral perturbation
theory, relativistic effects are found to play an important role in nuclear structure [31] and one-baryon and heavy-light
systems [32–35](for a short review see Ref. [36]). Therefore, we proposed to construct a relativistic nuclear force and
baryon-baryon interactions in covariant ChPT [1, 37], which would provide essential inputs for relativistic many-body
calculations, such as the Dirac-Brueckner-Hartree-Fock theory [38, 39]. In Ref. [1], we explored a covariant power
counting of NN scattering at LO and found that a good description of phase shifts of angular momentum J = 0, 1
can be achieved by solving the relativistic three-dimensional reduction of the Bethe-Salpeter equation [40], i.e. the
Kadyshevsky equation [41]. Since the intermediate momentum in the scattering equation runs from zero to infinity,
the kernel potential must be damped by a regulator function at high momentum to avoid divergence. Such regulator
functions are usually referred to as form factors (FFs). In principle, the choice of FFs is rather ad hoc and the impact
on physical observables should be removed or minimized.
In the literature, there exist several kinds of form factors, such as the following one
f(q2) =
Λ2
Λ2 + q2
, (1)
given by Ueda [42], where q is the three-momentum transfer, and Λ denotes the cutoff momenta. In Ref. [43], the
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2Bonn potential was constructed with monopole (n = 1) or dipole (n = 2) FFs
f(q2) =
[
Λ2 −m2φ
Λ2 − q2
]n
, (2)
for different type of meson (φ)-nucleon-nucleon vertices. In Refs. [44, 45], an eikonal form facor [46] was used to
construct the one-boson-exchange potentials. A Gaussian FF,
f(q2) = exp
[
− q
2
Λ2
]
, (3)
was firstly employed by the Nijmegen group [47] and then applied in the study of chiral forces [48]. In Ref. [49] ,
Epelbaum et al. proposed a seperable form factor (SFF),
f(p) = exp
[
−
(
p2
Λ2
)n]
, (4)
which only depends on the initial (final) three-momenta p (p′). In comparison with the q2-dependent FFs, which
introduce additional angular dependence to partial wave potentials and thus affect the interpretation of contact
interactions of chiral nuclear forces [50, 51], this separable form factor is better suited in constructing chiral forces [9,
10, 26]. Recently, a regulator function more proper for the long-range interaction in coordinate space was proposed [52].
In our previous study [1], we took the SFF to regularize the kernel of the relativistic LO chiral potential. However,
this form factor is not covariant. In order to maintain the self-consistency, a covariant FF is favored in the relativistic
framework. Therefore, in this work, we explore a separable form factor which is manifestly covariant.
As an application, we study the simplest but most challenging 1S0 channel with this new form factor. There are
several particular features in the 1S0 wave, such as the large variance of phase shifts from 60
◦ to −10◦ with the
laboratory energy Tlab. ≤ 300 MeV, a significantly larger scattering length (a = 23.7 fm) than the pion Compton wave
length, the zero amplitude, namely the zero phase shift of 1S0 with the center of mass (c.m.) momentum k0 ∼ 340
MeV, a virtual bound state around iγ = −i10 MeV. In Ref. [53], van Kolck pointed out that a different kind of
fine-tuning is needed to produce the zero amplitude of 1S0 in contrast with the virtual bound state. Since these
typical energy scales, such as −i10 MeV and 340 MeV 1, are smaller than the chiral symmetry breaking scale (Λχ ∼ 1
GeV), they should be roughly reproduced at the lowest order according to the principle of effective field theories,
as explored in Ref. [55]. Thus, the description of these quantities may be considered as a criterion to test a natural
power counting for the NN interaction. Inspired by Ref. [55], where the unique features of 1S0 are well described
simultaneously by rearranging the short-range interactions in non-relativistic ChPT, we extend our previous work [1]
to perform a systematic study of the 1S0 channel up to leading order in the relativistic framework to describe/predict
the related quantities with the covariant and spearable form factor.
The manuscript is organized as follows. We first present the 1S0 potential in the relativistic formulation, and
compare the covariant FF with the non-covariant one. In Section III, we show the description of the 1S0 phase shifts
and the predicted low energy quanties, followed by a short summary in Section IV.
II. THEORETICAL FRAMEWORK
The relativistic chiral force is formulated up to LO in Ref. [1], where the 1S0 potential reads
V1S0(p
′,p) = 4πC1S0 + 2π(C1S0 + Cˆ1S0)
EpE
′
p −m2N
m2N
+
πg2A
f2pi
∫ 1
−1
dz
1
q2 −m2pi + iǫ
(
EpEp′ − p · p′ −m2N
)
, (5)
with the axial vector coupling gA = 1.267 and the pion decay constant fpi = 92.4 MeV [56]. The four vector q
represents the momentum shift with q0 = (Ep′ −Ep) and q = p′ − p, p (p′) is the spatial component of initial (final)
1 In Ref. [54], the chiral expansion of NN potential is performed around the scattering momentum of the zero amplitude, k0 = 340 MeV.
3momentum of the nucleon in the center of mass (c.m.) frame with Ep =
√
p2 +m2N (Ep′ =
√
p′2 +m2N ), and z
denotes the cosine of the angle between p and p′. It should be noted that there are two unknown parameters, C1S0
and Cˆ1S0, which are the combinations of the five LECs, CS , CA, CV , CAV , CT , appearing in the lowest order chiral
NN Lagrangian [57, 58] with C1S0 = CS + CV + 3CAV − 6CT and Cˆ1S0 = 3CV + CA + CAV + 6CT .
Because the nuclear force is non-perturbative, one has to resum the above potential via a scattering equation, such
as the Bethe-Salpeter equation [40] or its three-dimensional reductions [59]. In Ref. [1], we employed the Kadyshevsky
equation [41] 2 in the c.m. frame, which reads
T1S0(p
′,p|W ) = V1S0(p′,p|W ) +
∫ +∞
0
k2dk
(2π)3
V1S0(p
′,k|W ) m
2
N
2E2k(Ep − Ek + iǫ)
T1S0(k,p|W ), (6)
for the 1S0 partial wave, where W = (
√
s/2,0) is half of the total four-momentum with the total energy
√
s = 2Ep =
2Ep′ . In solving the scattering equation, one has to use a form factor to regularize the kernel potential as mentioned
in the introduction,
V1S0(p,p
′|W )→ f(p|W ) V1S0(p,p′|W ) f(p′|W ). (7)
Here, we introduce a covariant and separable form factor (CSFF), which has the exponential form
fCSFF(p|W ) = exp
[
−
( s
4
− p2 −m2N
Λ2
)2]
. (8)
One can see that CSFF is trivial (equal to unity) for on-shell potentials with p2 = E2p−m2N . While, for the half-/full-off
shell potentials appearing in the scattering equation, this form factor becomes
fCSFF(k|W ) = exp
[
−
( 1
2
mNTlab. − k2
Λ2
)2]
, (9)
where Tlab. is the laboratory kinetic energy with s = 4m
2
N + 2mNTlab.. The behavior of the CSFF as a function of
|k| is shown in Fig. 1 with Tlab. = 0, 100, 200 MeV, and the cutoff momenta Λ is fixed at 600 MeV. For comparison,
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FIG. 1: Form factors as a function of momenta with the cutoff Λ = 600 MeV. The solid, dotted, and dot-dashed lines represent
the CSFF with Tlab. = 0, 100, 200 MeV, respectively. The dashed line denotes the SFF.
2 Our numerical results would remain almost the same, if the Thompson equation [60] and the Blankenbecler-Sugar equation [61] were
employed instead.
4the SFF [Eq. (4)] with n = 2 is also given. One can see that for Tlab. = 0, the SFF and CSFF are the same. While
for Tlab. > 0, the CSFF is not monotonically decreasing in constrast to the SFF. The CSFF is smaller than the SFF
and slightly increases to 1.0 for |k| between 0 and
√
1/2mNTlab.. For |k| >
√
1/2mNTlab., the CSFF is larger than
the SFF and decreases to zero for |k| approaching 1 GeV.
III. RESULTS AND DISCUSSION
In order to fine-tune the 1S0 potential, the two parameters, C1S0 and Cˆ1S0, are determined by fitting to the six
data points of the Nijmegen phase shifts with laboratory energy Tlab. ≤ 100 MeV, as done in Ref. [1]. To calculate
the phase shifts, the covariant and separable form factor is employed to regularize the LO chiral potential and to solve
the Kadyshevsky equation. We find that the minimum χ2,
6∑
i=1
(δLOi − δNiji )2, is 1.64 for 4 degrees of freedom when the
cutoff is 460 MeV. For comparison, we also use the SFF, as in Ref. [1], to describe the 1S0 phase shifts. The best fit
result, χ2 = 7.86, locates at Λ = 695 MeV. This shows that different types of form factors could affect the phase shifts
considerably. Particularly, in our relativistic framework, a self-consistent CSFF achieves a rather good description
of the 1S0 phase shifts. In Fig. 2, the evolution of fit-χ
2 is shown with the cutoff momenta changing from 300 MeV
to 800 MeV. One can see that the description of phase shifts is almost the same for the two FFs when the cutoff is
around 300 MeV. As Λ increases, the fit-χ2 with the CSFF decreases more quickly than its counter part with the
SFF. The CSFF result shows a plateau, χ2 ∼ 2.0 with Λ ranging from 350 MeV to 500 MeV. 3 On the other hand,
with the cutoff increasing beyond 550 MeV, the CSFF-χ2 becomes larger and increases faster than the SFF-χ2, which
smoothly approaches to its minimum at Λ = 695 MeV and then starts to increase.
Next, we take the LECs from the best fit to plot the phase shifts up to Tlab. = 300 MeV in Fig. 3. We can see that
both strategies yield a similar description of phase shifts with Tlab. ≤ 100 MeV. Especially, at the very low energy
region (Tlab. < 1 MeV), the phase shifts show a drastic increase from 0
◦ to 62◦, which is the same as the data of the
NN-online database [63]. For the Tlab. > 100 MeV region, the calculated phase shifts with the CSFF agree better
with the Nijmegen results in comparison with the SFF phase shifts. It is interesting to note that the zero amplitude
is well reproduced around the c.m. momentum k ∼ 340 MeV.
In addition, we predict the coefficients of the effective range expansion of the 1S0 phase shifts,
|p| cot[δ1S0(p)] = −1
a
+
1
2
rp2 + v2p
4 + v3p
6 + v4p
8 + · · · , (10)
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FIG. 2: χ2 as a function of the cutoff Λ. The red solid and blue dashed lines denote the relativistic LO results with the CSFF
and the SFF, respectively.
3 In principle, a small value of cutoff is favored to avoid the deeply bound state when one applied the chiral nuclear force to perform the
many-body studies.
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FIG. 3: 1S0 phase shifts δ as a function of laboratory energy Tlab.. The red solid line denotes the best fitting results from the
relativistic chiral NN potential with the covariant and separable form factor, while the blue dashed line is the result with the
non-covariant form factor. The cross sign presents the zero phase shift. Solid dots represent the Nijmegen np phase shifts [62].
where a, r, and v2,3,4,... denote the scattering length, effective range and curvature parameters, respectively. Their
values are tabulated in Table I in comparison with the results of the Nijmegen partial wave analysis (PWA) extracted
from the NijmII potential [28, 64]. One can see that both the scattering length and effective range agree well with
the Nijmegen PWA with about 5% deviation. While, the discrepancy of the shape parameters v2,3,4 is a little bit
large in comparison with the Nijmegen results, which maybe affected by the two-pion exchange contributions of the
1S0 channel [65].
We also predict the binding momentum, γ, of the virtual bound state in the 1S0 channel, which can be determined
by searching for poles in the scattering amplitude,
|pB| cot[δ1S0(pB)] ≡ i|pB|, (11)
with |pB| = iγ below threshold. In Table I, the pole position of the virtual bound state is given. One can see that
our result agrees with the empirical value.
Finally, it should be noted that our current results are still cutoff dependent, as shown in Fig. 2. This unwelcome
phenomenon was first noticed around 2000s [50, 66], and even today remains an open question. There are many
works trying to construct a cutoff independent chiral NN potential by modifying the Weinberg power counting in the
non-relativistic scheme, see e.g., Refs. [55, 65, 67–77]. It will be interesting to investigate whether one can achieve
cutoff independence in our relativistic framework in the future.
IV. SUMMARY
We proposed a covariant and separable form factor to construct a covariant chiral nucleon-nucleon interaction and
we found that a better description of the 1S0 phase shifts can be achieved by using the covariant form factor. The
resulting scattering length and effective range are in good agreement with the empirical values of the Nijmegen PWA.
TABLE I: Prediction effective range expansion coefficients of the 1S0 phase shifts (from the best fit results mentioned in the
text) in comparison with the values from the Nijmegen PWA [28, 64].
Λ [MeV] a [fm] r [fm] v2 [fm
3] v3 [fm
5] v4 [fm
7] iγ [MeV]
Nijmegen PWA – −23.7 2.70 −0.50 4.0 −20 −i10.0
Rel.LO-CSFF 460 −23.0 2.61 −0.66 5.5 −32 −i8.2
Rel.LO-SFF 695 −22.0 2.53 −0.75 5.9 −34 −i8.5
6In addition, a simultaneous description of the zero amplitude and the very shallow virtual bound state is obtained at
leading order, which indicates that the relativistic 1S0 potential is more consistent with the basic principle of EFTs,
namely, being also to describe the several typical small scale quantities simultaneously at leading order.
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